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Abstract 

We study the pseudoduality transformation on the symmetric space 
sigma models. We switch the Lie group valued pseudoduality equa- 
tions to Lie algebra valued ones, which leads to an infinite number of 
pseudoduality equations. We obtain an infinite number of conserved 
currents on the tangent bundle of the pseudodual manifold. We show 
that there can be mixing of decomposed spaces with each other, which 
leads to mixings of the following expressions. We obtain the mixing 
forms of curvature relations and one loop renormalization group beta 
functions by means of these currents. 
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1 Introduction 



We know that there is a well defined duality transformatioE0 between target 
spaces of the sigma models on symmetric spaces with opposite curvatures 
which preserves the stress energy tensors associated with each sigma mod- 
els though it is not a canonical transformation. In this paper we present 
the general solution of the pseudoduality equations [5] between two symmet- 
ric space sigma models, and construct the pseudodual currents by means of 
these equations. We will do our calculations regarding G as a symmetric 
space G X G/G, and then extend our construction using Cartan's decom- 
position of symmetric spaces. We will use the references [HI El El E] for the 
symmetric space construction, and utilize the literature (TUl HH [T21 [131 [HI 
[ni[16l[I7l[l8l[l9l[20l[2Tl[22l[23] on various applications to sigma models. 
Since pseudoduality is defined on spacetime coordinates [1], and is best done 
on the orthonormal coframes bundle we leave this construction to 

later [24]. In this paper we will do our calculations on the puUback bundle of 
target space M. Hence pulling structures back to spacetime is implicit, and 
not emphasized. We will see that this construction will give us complicated 
expressions for T as opposed to the simplified form (identity) on SO{M) pi] . 

2 Pseudoduality Between strict WZW Mod- 
els 

We consider a strict WZW sigma model [25] based on a compact Lie group 
of dimension n. Lagrangian [2Sl El [211 [221 [23] for this model is defined by 

£ = ^Tr{g-%gg-'d^g) + T (1) 

where F represents the WZ term, and the field g is given by the map g : 
S ^ G. We take S to be two dimensional Minkowski space, and = 
r ± 0" is the standard lightcone coordinates as above. There is a global 
continuous symmetry Gl x G/j which gives us the conserved currents = 
g2^d+gL and j'^^^ = {d^gRjg^ taking values in the Lie algebra of G, and 
9 = gR{o'~)gL{cr'^) is the solution giving the invariance of these currents. 

^This transformation is known as pseudoduality transformation [Tl[51[31|l] 

^SO{M) = M X SO{n), where dim{M) = n. 
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The equations of motion following from ([T]) correspond to the conservation 
of these currents: 

d-igl'd+QL) = d4{d^gR)g-^'] = (2) 

Let G be compact Lie group of the same dimension as G, and g -.T, ^ G. 
Equations of motion are given by 

d^{g~L-'d+g~L) = d+[{d^g~R)g~R-'] = (3) 

Solutions of equations of motion for both models can be combined in 
pseudoduality equations as 

{g-'d+~gr = Tiig-'d+gy (4) 
Cg-'d^~gy = ~T]{g-^d^gy (5) 

where T is an orthogonal matrix connecting target space elements g~^dg and 
g-^dg. 

Taking of first equation (jlj) with the help of equations of motions ([2]) 
and ([3]) shows that T is a function of only. Taking 9+ of second equation 
dS]) gives us the following differential equation 

{{d+T)T-']] = f^,TlTi{gl'd+g,r - fl,T^{gl'd^gL)' (6) 
We suggest an exponential solution If] T = , and use the result 0, [101 [12] 

1 _ adX 1 

n=0 ^ ^ 

where adX : g g, the adjoint representation of X, and adX{Y) = [X,Y] 
\/Ye g. We let X eX and look for a perturbation solution, and hence the 
left-hand side of equation ([6]) is 

[{d+T)T-% = e{d^X)) + ^[X, d^X]) + [X, d+X]] + ... (8) 
We insert an order parameter e to the right-hand side of ([S]), and get 

[{d+T)T-% =eft,TlTi{g-^'d^gLr - efl^T^igL^d^gL)' (9) 
=efU^ + eXUl + eX)]{gl'd^gLr ' ^4(1 + eXt{gl'd+gL) 
=efl^{gl'd+gLr - ejl^igl^d^g^f + fliXUgl'd^gLT 
+ e^fi^Xl^g-^'d+g^r - h.X'^^gl'd^g^^' + 0{e') 
■^We notice that X G so{n), the Lie algebra of SO{n) 
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Comparing ([H]) and in the first order of e gives us 



(d+X)] = ifl^ - fl^){gl'd^g,)' (10) 
This leads to the solution 

Xj = X(0)} + ifl^ - 4.) r {gl'd+gL)'da'^ (11) 

^0 

Hence the matrix T may be written as 

T; = 6]+ X(0)} + ifl^ - Jl^) r {g,'d^gr.)'da'^ (12) 

Jo 

We see that if both sigma models based on the same groups, i.e G = G, 
target space of transformed model will be globally shifted as determined by 
the tangent space of unit element of T. We set X(0)* equal to zero. 

Now we plug this in the pseudoduality equations (jl]) and (jS]) to find fields 
g~^d+g and g~^d-g which lead us to construct the pseudodual currents. We 
switch from Lie group-valued fields to the lie algebra-valued fields, and we 
let c/ = and g = . Using the result P [TOl [12] 

1 _ e-''^ „ ^ i-lY 

k=0 

we can write the following 



1 — p-<^"-^ (— 1p 



gZ'd+gL = O+Yl - ^[YL,d+YL] + ^[Y^, [^^,5+^^.]] + ... (14) 



g-^d^g =d_YR - [Yl, d.Yn] - ^[Yjt, d^Yn] + ^[Yl, [Yr, d.Yn]] (15) 

+ IiYl, [Yl, d^Yj,]] + IiYr, [Yr, d.Yn]]... 
2 o 

and the equations of motion for the left and right currents will be 
d-igi'd+gL) = dl_YL-^d4YL,d+YL] + ^d_[YL, [Fz., + ... = (16) 



*y is the lie algebra oi g, Y ^ g. 
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d4id.gR)gj,'] = dl_YR + ^d+lYn, d.Yn] + [Yr, d.Yn]] + ... = 

(17) 

where Ql/r = e^^/^, and we used equation ([7]). We may write similar equa- 
tions with tilde (~). Hence transformation matrix T fll2p will be 

Ti = S} + - ~flM - - 4) [ [^^' d^Y^fda'^ (18) 

We impose a solution Y = Yl'^=i ^^Un to determine the nonlinear parts 
of the equations f|T^ and f|T5l) in terms of e, where e is a small parameter. 
Thus transformation matrix f|T8l) becomes 

(19) 

and we have the following expressions for (IT^ and (IT^ 

9l^d+gL = ed+VLi + e^{d+yL2 - ^[z/li, 5+i/li]) (20) 

111 

+ £^(<9+?/L3 - 7:[?/Ll' ^+2/L2] - -\yL2^ d+VLl] + -[l/Ll, [Z/Ll, <9+?/Ll]]) + if.O(£) 

2 2 



g'^d_g = ed.yRi + e^{d.yR2 - [yii, d^yRi] - - [yRi, O-Vri]) (21) 

+ e^{d^yR3 - [yL2, d-yRi] - [yLi, S-y^] - ^[yR2, d-yRi] - ^[yRi, d-yR2] 

+ ^[yii, [yRi, d-yRi]] + i[?/Li, [yLi, d.yRi]]) + H.0{6) 

Therefore first pseudoduality equation (jl]) can be split into infinite number 
of equations, determined by each order of e as follows, 
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[l.i) d+y\, = d^yl, (22) 
'l.ii) d+yl2 + 2 [^ii' 9+yLi]h = 9+yl2 + ^^Vli, d+yLi]h 

(l.m) d+yl - ^[yi, d+mTc " ^[^2, d+yi]'^ + ^[yi, [yi, = d+yl 

1 .1 .1 

+ ^[yi, d+y2]'G + 2 [?/2, d+yiYa - [yi, 5+^/2]^ - [1/2, - ^ [l/i, [vi, <- 

1 1 f^^ 1 /■'^^ 



G 



where we used subindex G {G) to represent commutation relations for the 
sigma model based on Lie group G (G). (l.i) gives fjLi = yii + Cli, where 
Cii is a constant, and we set it equal to zero, and leads to (l.ii). Likewise 
second pseudoduality equation ([5]) gives the following infinite set of equations 



[2.Z) d.y'j,, = (23) 

{2.n) (9_y^2 - ^iVRud-ym]^ = -d_y\^^ + ^[i/m, <9-l/m]G 
(2.m) ■ ■ ■ 



where we used (2.i) and (l.i) in (2.ii), and (2.i) leads to ym = —ym + Gri, 
Gri is a constant which is set to zero. We notice the fact that fl22l) only 
depends on a"'", and fl23l) on a~ point out pseudodual conserved currents, 
which can be written as follows 

00 

j'^{a^)=r'd^~g = Y.e-J?\a+) (24) 

n=l 

00 

J^(a-) = [d^-gYg-' = 5^^"J^'"k^-) (25) 

n=l 

where each component is determined by the orders of e's, which are given 
by expression ( |20l) (with tilde). The nonlocal expressions of currents are 
determined with the help of fl22|) and fl23|) 

Jf k^^) = = (26) 
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d+yL2 - ^[^Ll, 5+^Li]g = 9+yL2 + d+VLlXc 



(27) 



J^W(^^) = 5-ym = -5-Z/m (28) 
~ 1 1 

(29) 

We see that these currents are conserved, d^J^ = d+J^ = 0. It is 
observed that pseudodual currents are expressed as a nonlocal function of 
lie algebra valued fields on g. As a result we obtained a family of nonlocal 
conserved currents on the WZW model on G. This family is a consequence 
of infinite set of terms of T which is a function of lie algebra valued fields g. 

2.1 An Example 

We consider sigma models based on Lie groups G = SO{n + 1) and G = 
SO{n, 1). The corresponding lie algebra are given by 



so(n + 1) = (^_^^, Ij soin,l)=(j^ b = b = nxl (30) 

Let g = and g = , and fields gj^d^gi and gL~^d^gL are given by 
(fn|) . We get the following expressions 

^ I ai bA a V f d+bi 

Y = I ^\ d Y = ( 

hh clJ \5+&L 

aLd+bL+bLd+CL-{d+aL)bL-{d+bL)cL 
bl(d+aL)-cUd+bl)+(d+bl)aL + id+CL)bl 



[YL,d+YL]-- 
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ai^d+bL+bi^d+CL-(d+dL)bL-{d+bL)cL 
bi{d+dL)+cUd+bi)-{d+bi)aL-{d+CL)bi 



Hence up to the second order terms we get the expressions for the fields 
on the target space elements 

g-L^d^gL = (^J + H.O gL-'d+QL = (^^^ + H.O (31) 

where we defined the following 

Xi = dj^ai Xi = d^aL X^ = d^ci X4 = d+CL 
aLd+hL + &l<9+cl - {d+aL)hL - id+bL)cL 



X2 = d+hL 
X2 = d^L 



2 

aLd+bh + hid+CL - {d+aL)bL - {d+hhlCL 
2 



A3 - 

A3 - a+b^ ^ 

Likewise we get the following expressions related to fields g^^d^g and 
g^^d-g using f|T5l) 



\^ 1. _ ( aRd~bR+bRd-.cji-{d^aR)bR-{d-bii)cii\ 

i^R^^-^Ri - \-b%(d^aR)~CR{d-b<:j,)+{d^b'j,)aR+{d-CR)b% J 



\Y f) Y ] = f ^ - "-Ld-bR+bLd-CR-{d^aR)bL-(dSbR)cL 

\Y fi Y _ ( _ aRd-bR+bRd-CR-(d-aR)bR-{d-bR)cR\ 

Zi = (9_aij = d-CiR Zi = d-CR Z4 = 9_cr 

Z2 = 9J,j-(a,.+^)9_6^-(6L+^)9_c^+(a_S«)(6i+^)+(9_6^)(ci+^) 



Z, = -5_6^^+(6i+|)9_a«+(c,+|^)9_6^-(a_6y(a^+^)-(9_CH)(fei+|) 

Obviously equations of motion are satisfied. Since we want to reduce con- 
straints on the conservation laws and bring the nonlinear characters of con- 
served currents into the open we let e = Yl'^=i^"'^n, where e stands for the 
matrix components a, b and c. We may find solutions in the orders of e's. 
But we need to find transformation matrix T first and foremost. 



2.1.1 Trivial Case: T = I 

Let us consider first a trivial solution 
Pseudoduality equations will be 



where transformation matrix is identity. 



{9L-'d^9Ly = {9l'd+9Ly (33) 
Cg-'d-~gy = -{g-'d^gf (34) 

Using (pij) the first equation ([33]) leads to 

d+dii = d+aii d+aL2 = d+aL2 

d+CLl = d+CLl C?+Cl2 = d+CL2 

d+hLi = d+bii 9+6*^1 = -9+6^1 

d+bl2 = d+bL2 + l[ALl{d+bLl) + BLl{d+CLl) - {d+aLl)BLl - (9+6li)Cli] 

dJi, = -d^bi, - l[Bi,{d^aLi) + CLiidM - {dM^Li - {d+CLi)Bi,] 

where we used the solutions of first six equations in the last two lines as 
follows 

flLl = OLI + All aL2 = aL2 + Al2 

CLI = Cli + Cli Cl2 = Cl2 + Cl2 

Ili = bLi + Bli bi, = -bi, - Bi, 

bL2 = bL2 + ^{ALibii + BliCli - aiiBii - &liCli) + Bl2 
\2 = -bi2 - UBii^Li + CLiidM - {d+bLi)ALi - CLiBi,) - Bi, 

where Ali, Al2, Bli, Bl2, Cli and Cl2 are constants. Therefore pseudodual 
left current (I3T]) up to the order of e"^ in nonlocal expressions is 
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where we defined the following symbols for the entries of matrix 

Ml = ed+dii + e^d+aL2 = sd+aii + £^9+0^2 
Mi = ed+CLi + e^d+CL2 = ed+CLi + e^d+CL2 

M2 = ed+bii + £:^[5+6l2 - ^{aLid+bLi + hid+CLi - {d+aLi)bLi - (<9+6li)cli)] 
= ed+bLi + e^[d+bL2 - ^[aLi(<9+&Li) + &li(<9+cli) - {d+aLi)bLi - (5+6li)cli]] 

Ms = ed^bi, + e'[d+bi2 - l[biAd+~aLi) + CLi{dAi) " (5+&ii)«Li - {d+~CLi)\,]] 
= -ed+bi, - e'ld+bi^ - ^[&ii(5+a^i) + CLi(9+6ii) - (S+foiJa^i - {8+0^^] 

Obviously this current is conserved. To find right current we use 2"^^ pseudo- 
duality equation ( IMI) and we find the following expressions up to the order 

of £2 

d-dm = -d^ani d^dR2 = -9_am 
d-CRi = -d^cni 9_cr2 = 
d-bBi = -d-bm d^b^j^^ = d-b^j^^ 
d.b~R2 = -d.bR2 + (aKi - Ali + + - B^i + ^)(a_cm) 

-{d^aR,){bRi - Bli + ^) - (5-&m)(cm - Cli + ^) 
d.b'^2 = d-b'R2 - + b\, + ^){d.aR^) - {-Cli + CR, + 

+ + aR, + ^) + id^CR,)i-Bi, + b%, + 

where we used the solution of first six equations in the last two equations as 

O'Ri = —aRi — Ari dR2 = —aR2 — Ar2 

Cri = —Cri — Cri Cr2 = —Cr2 ~ Cr2 

bRi = -bRi - Bri bRi = b^R^ + 

where Ari, Ar2, Bri, Cri and Cr2 are constants. A brief computation yields 
the following expression for the right current 

(9-9«)fe'=(;^' ;^^)+f.O (36) 
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Ni = ed^CRi + = -ed-CRi - e^d-Cm 

N2 = ed_hRi + e'^[d_hR2 + \{aRid_hRi + 6ri9_chi - (5_aKi)&m - (5-&m)c/?i)] 
= -ed.hni + £2[-9_6h2 + (faRi + - ^Li)(5-&m) + (f&m + - 5ii)(5-Cm) 
-(5„aKi)(|6^i + - - (9_6Hi)(icm + C^i - C^i)] 

= £9-6*^1 + - {pRi + - 5ii)(5-«m) - (fcm + C^m - 

+ Am - ^li) + (5-Cm)(|&^i + B'^, - Bi,)] 

We see that this current is also conserved. 
2.1.2 Nontrivial Case: General T 

In this case we use the general expression ( fT9l) of transformation matrix T. 
Pseudoduality equations are given by (jl]) and ([5]), and gave us the equations 
( I22I) and ( 123|) which can be written as 

d+ciLi = d+aii d+hLi = d+bii d+h^^i = -f^+^ii d+cii = d+cii 
d^CLRi = -d^ttRi dJ)Ri = -d^hRi d^b^j^^ = d-b^R^ d-CRi = -O-Cri 
d+aL2 = d+aL2 d+CL2 = d+CL2 d_aR2 = -d^aR2 d^CR2 = -d^CR2 

djL2 = d+bL2 - ^[ALlid+bLi) + BLl{d+CL,) - {d+aLi)BLi - {d+bLl)CLl] 

A B 
d-bR2 = -d-bR2 + {aRi + + (&m + ^^)(<9-Cm) 

B C 
- {d-aRi){bRi + ^) - {d^bRi){cRi + ^) 

dSb'^2 = d-b'R2 - {b^R, + ^)(a_a«i) - {CR, + ^){d^b'R,) 

+ id-b'R,){aR, + ^) + {d.CR,WR, + ^) 
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where we used the solutions of first three fines for tfie last four expressions. 
Solutions of tfiese equations are 

flLi = oli + Ali hi = bLi + Bli b^Li = -^Li - ^ii 
cli = cli + Cli Q-Ri = —am — &m = —bm — Bjn 

CL2 = Cl2 + Cl2 0,R2 = —ClR2 — Ar2 Cr2 = —Cr2 — Cr2 

bL2 = bL2 + Bl2 - ^[AiibLi + BliCli - aiiBLi - biiCLi] 
= -bi2 - BI2 + \[BlraLi + Cr^.b^, - b^.A^i - c^iBi,] 

wfiere An, Ari, Bli, Bri, Cli, Cri, and Bl2 are constants. We did not 
find solutions of bR2 and 6^2 because of their complicated forms and no need 
to use them. Hence pseudodual left current fl2^ will be 



^ = g ^d+g = ed+VLi + £^{d+yL2 - ^[vli, d+VLilc} + H.O. 



Ml M2 
M3 M4 



+ H.0. (37) 



where 



Ml = ed^CLLi + e'^d+aL2 = ^d+aLi + e'^d+aL2 
M4 = ed+CLi + e'^d+CL2 = ^d+CLi + e'^d+CL2 

M2 = ed+bLi + e^[dJ)L2 - ^{aLi(5+&Li) + &li(5+cli) - ((9+aLi)&Li - (<9+&li)cli}] 
= ed+bLi + e^[d+bL2 - ]j^{aLi{d+bLi) + 6li(5+cli) - {d+aLi)bLi - (9+6li)cli}] 

M3 = edAi + e'[dj)'^2 - \{\i{d+~aLi) + CLi{dAi) " {dAiWi - {d+CLi)\r}] 
= -ed^bi, - e'[d^bi2 - (% + 5ii)(5+aLi) - + CL^){d^bi,) 
+ (dMi^ + Ali) + (5+c^i)(^ + Bi,)] 
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Pseudodual right current (^5^ can be constructed as follows 

= {d^~g)~g-' = ed^yni + e^{d^yR2 + ^[mi, d-Vmh} + H.O. 

h H.O. (38) 



2' 

Ni N2 
N3 



where 



Ni = ed-CRi + e^d-CR2 = -sd^CRi - e^d^CR2 

N2 = sd-bRi + £:^{9_6i?2 + ^[am(<9-&m) + &m(5-Cm) - (5_aKi)6m - {d-bRi)cRi]} 
= -sd^bR, - e'{d^bn2 - + Ani){d^bni) - + 5m)(5-c^i) 

iVs = edSb'j,, + e'idSb'j,, + l[b'n,id^~aRi) + dRiidSb'j,,) - {dJ'nir^Ri - (9_c«i)6*^i]} 



It is apparent that these currents are conserved. 



3 Cartan Decomposition of Symmetric Spaces 

We saw in the above example that symmetric spaces can be decomposed 
into two pieces, one piece remains invariant under transformation T though 
the other piece is transformed in such a way that it behaves like a new 
symmetric space. Let n be the projection G — > M, sending each g & G to 
submersion M. We see that M is symmetric space after invariant parts of G 
are eliminated. 

Let if be a closed subgroup of a connected Lie group G, and cr be an 
involutive automorphism of G such that Fq G H G F = Fix{a). Symmetric 
space M is the coset space M = G/H. If g is the Lie algebra of G, h is 
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the Lie algebra of H, and m is the Lie subspace for M, then g = m © h, 
where h is closed under brackets while m is A(i(if)-invariant subspace of g, 
i.e, Adh{ui) C m for all h E H. If X G g, then X = Xh + X^, where Xh G h, 
and Xm G rn. The involutive automorphism da is such that da{Xh) = Xh 
and da{Xm) = —Xm- Bracket relations for the symmetric space are defined 
by 

[h, h] C h, [h, m] C m, [m, m] C h (39) 

The currents J+^^ = g^^d+g and ji^"* = {d-g)g~^ on g can be split into 
the currents Jm^ = g^^D^g and Jm^ = {D_g)g^^ on m and J^"^-* = and 
= gA_g^ on h, where D± is the covariant derivative acting on m, and 
A± is the gauge field defined on h. 

If one defines indices i,j, k, ... for the space elements of g, indices a, b, c, ... 
for the space elements of h, and indices a,/5,7, ... for the space elements of 
m, then fl5I?l) allows only structure constants /^^, f^^, and /^^. The other 
structure constants vanish. This leads to the following equations of motion, 

k+ = g-'D^g =^ D^k^ = (40) 

k. = g-'D_g =^ D+k_ = [k_, A+] + k+] (41) 

A+ = g-'D'^g =^ D'_A+ = (42) 

A_ = g-'D'_g =^ D'^A^ = + k+] (43) 

where k±{A±) belongs to m(h), and D(D') is the covariant derivative acting 
on m(h). 

It is natural to write down the Pseudoduality equations (jlj) and ([5]) in 
the most general split form on two spaces m and h as follows 



Ua _ J^auP I j^a Aa Aa _ rpa Ab _i_ J^aua 



(44) 



where 



-1^ _ f ^+ \ m— space 

^ \ Aj^ j on h— space ^ ' 

_ ( ^- \ m— space 

^ \ A_ ) on h— space ^ ' 



is called as the Lie subspace for M , not Lie Algebra [7]. 
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and 



T = ( !! ) (47) 
' r| J on h— space ^ ^ 



Apparently and represent the mixing components of the isome- 
try preserving map T. Before considering this most general pseudoduality 
relations which lead to mixed expressions it is worth to analyze pseudodu- 
ality equations between pure symmetric spaces and their counter iY-spaces 
without mixing parts. 



3.1 Non-Mixing Pseudoduality 

We set the mixing components and in equation fl44p equal to zero, 
and consider the pseudoduality equations on m and h-spaces as follows 

= ±T^ki (48) 
Al = ±T^Ai (49) 

When we take D_ of ( H8l) . and D'_ of ( H9l) ('+' equations only) followed by 
the equations of motion (HOl) and (l42l) we obtain the result that both and 
T^" depend only on a"*". Now let us take of ' — ' equation in fHHj) . and use 
(SH) to get 

[k., A^r + hr = -iD+T^)k^- - T^[k-, ^+]^ - T^[A-, k^]^ (50) 

Since fc_ and A_ can be treated independently, this equation can be split 
into the following equations 

fXkiT: = Tl^ftkl (51) 
tpAlT^ = -D^T^ + T^f^,Al (52) 

First equation flSTl) gives us a relation between structure constants, f^JT^T^ = 

T^fxcy which leads second equation to yield D^T^ = 0. Therefore we con- 
clude that has to be a constant, and we choose it to be identity. Similarly 
we take D'^ of '— ' equation in (jlSD, and use to get 

A^r + [k-, hr = -{D'+T^)A'_ - T^[A-, A^]' - T,^[k^, k^]" (53) 
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This equation yields the following results 

a l^cirp(3 rpa 

■x(3'^+-'-X — -'-b //3A 



nfc^Tf = T,-f'kl (54) 



f.^J'.T^ = -D'^T^ + T^fl,A% (55) 
First equation fl5^ verifies the result above up to the permutation of indices, 

a r 



fasT^T^ = Tj^ftx- Second equation fl55]) produces the following solution 



T,^ = T^O) + (/:, - a r AlD'a'+ + H.O. (56) 

Jo 

where we choose T^°(0) to be identity. It is easy to see that these equations 
yield the following bracket relations 

[h.A.r = -T;^[k^,A_f (57) 

[k_,A^r = -T;^[k.,A^f (58) 

[KM" = -T^[K,k-f (59) 
A_f = -T^[A^, A_]' + {D'^T^)A\ (60) 

that verifies the equations of motion on pseudodual space as pointed out 
above, D+k'^ = ~T^D+k^ and D+A°L = -T^D'^At - {D'^T^)A'L. We 
notice that if H and H are the same for both manifolds, i.e., /^^ = Z^^, then 
reduces to identity, and we recover the fiat space pseudoduality relations 
on two manifolds. One can easily construct nonlocal field expressions using 
above solutions, which are 

k± = ±k± (61) 
i± = ±A±± r ([A+(a'+),A±(a+)]H-K(a'+),A±(a+)]^)DV+ + i7.0. 

^0 

(62) 

One may readily construct nonlocal expressions of the conserved pseudodual 
currents by means of these fields and following the method in section 2 (??). 



3.2 Mixing Pseudoduality 

We now consider mixing of m and h-spaces in pseudodual expressions. Pseu- 
doduality equations can be written as in flH|) . We take 9_ of first equation 
on m-space dS]), and obtain 

{d_T^)kl + (9_T°)A^ = (63) 
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since m and h-spaces are independent, we get (9_T^ = 9_T" = 0, so and 
T" don't depend on cr~. Now we take 9+ of second equation on m-space f l44|] 
and see that 

- (9+r°)A"_ - T^iA., A+r - T:[k-, k^r (64) 

We substitute the expressions for k- and y4_ into this equation, and compare 
the coefficients of k- and A_ to get the following expressions 

= [ftT^ - tpiT^T^^ - T,^mAX + [f$,T: - c(T|Tj: - ^n)]ki 

(65) 
(66) 

Since we only need to find currents up to the second order terms, it suffices 
to find mapping tensors using only initial values 

Tr(a+) =Tr(0) + (A", - + tpT^mm) f A\D'a^ (67) 

+ (/|a^"(0) - /OT(0) + OT(0)) r klDa'^ + H.O. 

Jo 

T^a^) =T,"(0) + Ul, + ~f?p - fZT^maO)) r klDa'^ (68) 

Jo 

+ (/c6^r(0) - /|,Tf (0) + /|,Tf (0)) r A\D'a'^ + H.O. 

Jo 

where all initial values are chosen to be identity. Therefore pseudodual non- 
local currents on m can be written as 



ki =ki + + (/iATr(o) - r,T|(o) + f:pn{ml / kiDa-^ 

Jo 

+ (A", - + CTnO)T|(0)) r {AX{a^)kl{a^)-kUa^)AX{a^))da' 



r + 



+ {flT:{Q) - rp,T^{Q) + /|,Tf (0))4 r A;Z}'a'+ + if.O. (69) 

Jo 
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Jo 



- ir^T^iO) - /^,Tf (0) + /^,Tf (0))Ai r A^D'a^ + if.O. (70) 

Conservation laws of these currents up to the second order terms are obvious. 
Now we consider pseudoduahty equations on h-space (jH]). We take 5_ of 
first equation, and we obtain 

{d-T,^)AX + {d^T^)kl = (71) 

Hence we get 9_T^" = i9_T^ = 0, which imphes that T^" and don't depend 
on cr~. Taking of second equation we get the following equation 

[A., + [L, hr = - {d+K)At - mA., A^]" - T,^[k., k^]" 

- {d^T:)k-_ - T:[k., A^r - T:[A^, k^^ (72) 

We replace A_ and k_ in this equation to obtain the following results 

drpa (rjiafh fa rjihrjic ra rTiarTif3\ \e i frpa j^a rarpbrpc fa n~'(^n~'/^\ 
+ d — y-'-b Jed Jbc''-e''-d /a/?-' e d l"' a /Ad Jbc'-X-'-d Ja/S-'- X -'- d )'^+ 

(73) 

o rpa (rpa fb rarpbrpc ra rparp[3\i,X i (rpa ra rarpbrpc ra rparpl3\ Ad 

^+'''u — y-'-b JXv Jbc'''X'''u Jal3'''X'''u )'^+~^ K-'-aJdu Jbc'-d-'-u JajJ''- d ''- u )^+ 

(74) 

We again want to find solutions up to the second order terms, so we only use 
initial values to get 

T,"(a+) =T^{0) + if:, - f:, - t^T:{0)T!^m f A\D'a^ (75) 

+ {n{^)fxd-fbdn{^)'hpT!m r klDa'^ + H.O. 

Jo 

T;(a+) =T;(0) + {fl - fl - f\^j',{0)T:{0)) r klDa'^ (76) 
+ {Tmfl-IdcTm-fLTdm F A'.D'a^ + n.O. 
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Thus pseudodual fields up to the second order terms on H space will be 

Al = + T^{0)kl + if:, - ft, - ftpT^mSmK f A^D'a^ 

Jo 



+ ulu - fi - iLnmm)K f ^iDa'^ + h.o. (77) 

^0 



= -Ai_ - T^,{0)k'_ - if:, - J:, - t^T^mSmAi f A\D'a^ 

Jo 

- (T:(0)/r, - ft^mO) - rx,TSm f {kl{a'^)Ai{a^) - A'i{a'^)k'_{a^))da' 

Jo 

- ifl - fl - ItJ'lmmW-^ f klDa'^ + H.o. (78) 

Jo 

It is obvious that conservation laws fj42l) and fj43|) up to the second order 
terms are satisfied 

D'^A\ =0 (79) 
b'^At = - [A.,A^]l - [k.^k^rc - [T{0)A.,T{0)A^]l - [A_,T(0)fc+]^ 

- [T{0)k.,A^r^ - [T(0)A_,fc+]^ - [A:.,T(0)A+]^ 

- [T(0)fc_, T{0)k+]l + H.O. (80) 

3.3 Dual Symmetric Spaces and Further Constraints 

It is well-known [21 E] that two normal symmetric spaces are dual symmetric 
spaces if there exist 

1. a Lie algebra isomorphism 5* : h — > h such that Q{SV,SW) = 
—Q{V, W) for all V,W E h, and Q is inner product. 

2. a linear isometry T : m — >■ lii such that [TX, TY] = —S[X, Y] for all 
X,Y em. 

Item (1) tells us that brackets in h and h are the same while item (2) tells 
us that inner products in m and lifi are the same. Item (1) yields the result 
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fcb — fcb non-mixing pseudo duality, which leads T^" to be a constant. 
Hence pseudoduality transformations will simply be 

~kl = ±kl (81) 

A% = ±Al (82) 

with the bracket relations fl571) - fl60l) given by 

[h,A_r = -[K,A_r (83) 
[k.,A^r = -[k.,A+r (84) 

[h,~k.r = -[K,k-r (85) 
[A^,A^r = -[A^,A^r (86) 

On the other hand one can write the following bracket relations between 
pseudodual target spaces for the mixing pseudoduality case 

[L, A^r + [^-, hr = - T^[k-, A^f - T^[A^, k+f (87) 

-T:[A^,A+r-T:[k.,k+r 

A+r + [k^, hr = - mA-, A^]' - T,^[k., k+]' (88) 

-T^[k_,A^r-T:[A_,k^r 

which in turn leads to relations of connection two-forms between symmet- 
ric and corresponding H-spaces, which is consistent with the result found in 
section 5 (??). These equations produce that all components of the pseudo- 
duality map T must be constant, and we choose them to be identity. Hence 
pseudoduality equations will simply be 

kl = ±kl±T;^{0)Al (89) 

= ±A^±T^(0)A;^ (90) 

3.4 An Example 

We consider the Lie groups we used in the previous section. We saw that 
invariant subspace of SO{n -|- 1) is 1 x SO{n). We pick H space as SO{n). 
Hence our symmetric space is M = The Lie algebra g = so{n + 1) 

can be written as 

/ h\ a=lxl 

so{n + l)=( ^ ) 6=lxn (91) 



c = n X n 
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which can be spht as 

(_;:)Koc)^(-°'o) (-) 

Let Y eg, X e h, and Z e m. Then, D' Z = and DX = 0. Using the 
expansions (fT4|) and (ITSl) . we may write the following expressions 

A;^ = D^Z2 - ^[Xl, D^Z^r - \[Zl. D'^X^T + H.O. (93) 

Al = D'^Xl - ^[Xl, D'^XlT - \[Zl, D^ZlT + H.O. (94) 

k^l = D^Z'^ - [Xl, D^ZrY - [Zl, D'_XRf - ^[X^, D.ZrT (95) 
-]^[ZR,D'_XRr + H.O. 

= D'_X% - [Xl, D'_Xj,r " [Zl, D^Znf - \\Xn,, D'_XrT (96) 
-]^[ZR,D^ZRf + H.O. 

We describe solutions X = Yl'^=i^"'^n and Z = J2'^=i^"'^n, where e is a 
small parameter. It is clear that equations of motion (H0|) - (l43|) for all orders 
of e are satisfied. In the following calculations we are going to use expressions 
up to the order of for simplicity. 

Now we consider dual symmetric space M = where H = SO{n). 

Lie algebra g = so{n, 1) is written as 

/ - h \ a = lxl 

so{n, 1) = ( M b=lxn (97) 
^ ^ c = n X n 

which is split as 

Let Y = X + Z, where Y e g, X e h, and Z E m. We get the same 
fields as equations fl93l) - fl96l) with tilde. Equations of motion will be the 
same with tilde. We may now find pseudodual fields using our expressions 
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found above. We note that because of the special form of our Lie groups, 
mixing components of the map T vanishes, and we simply get non-mixing 
pseudoduality condition. 

We insert our expressions into equations flHTj) and fl82l) to get infinitely 
many pseudoduality relations. Up to the order of terms equation (IHTl) will 
be 

D+~zl, = D^zl, D_zl, = -D_zl, (99) 



D-z'^2 - [xLi,D_zniY - [zli,D'_xriY - ]^[xri, D-Zri^ - ^[5^1, ^l^m]" = 
- D_42 + [xii, D_ZR^f + [zLi, D'_XR^f + ^[xru D.ZR^f + ^[zr^, D'_XR^f 



and equation (1821) will be 

b'^~xl, = D'^xl, D'_x%, = -D'_xl, (100) 



D'_Xr^ - [xLuD'^imf - [zli,D-Zri]^ - -[Uri, D'_S:ri]^ - -[zm,^-5m]" = 

- D1x^2 + i^Ll, D'.Xri]" + [zli, D.Zri]" + ^[xri, D'_Xri]'' + ^[zri, D^Zri]"" 



Since we know 



D±bn \ „/ / D\an 



[ai,D!j_ai] 
[ci,D'^ci] 



[xi,D^xi] = 
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aiD^bi - (£"±61)01 



[zi,D'^Xi] 



&il^lci - iD'^ai)bi 

-b{{D'^ai) + {D'^ci)b{ 



One can write similar expressions on the pseudodual space replacing each 
term with tilded terms. Only exception is that we switch 6^ with —6^ so that 
we get the convenient lie algebra on tilded space. Therefore pseudoduality 
equations above (!99l) and fllOOp will give the following expressions 



D+bLi = D+bLi D+bi, = -D+b- 



D_bm = -D_bR^ D_b'^, = D_b'ji, 
D'-CLhi = -D'_aRi D'_cri = -D'^cri 



D+bL2 = D+bL2 + ^{(oli - aLi)D+bLi - /^+6li(cli - cli)} 



+ o{(^ii - bLi)D'^CLi - D'^aLiibLi - bii)} 



b+bm = -D+bi^ - - CLi)D+bi, - D+b\^{aLi - ali)} 



1, 



D^aL2 = D^aL2 + -[(ali - ali), 



2' 

^{D+6^i(6ii + - (6z.i - h,)D^bi,} 



D'+cl2 = £+cl2 + ^[(cli - Cli), D'+cli] 



\{D^bUbLi - hi) - (6ii + b'^,)D+bLl] 
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DJ)R2 = -D-bR2 + {{ail - ttLi) + ^{am - diii)}D_bRi 

1 

- -D_6m{(cLi - cli) + -{cri - cri)} 
+ {{bLi - hi) + ^{bRi - bRi)}D'_CRi 

- D'_aRi{{bLi - hi) + ^{hi - hi)} 

D-bm = D-bR2 - {{cli - hi) + ^{cri - CRi)}D-bRi 
+ £)_6^i{(aLi - qli) + ^(Qri - ^Ri)} 
-{{bli + bi,) + l{b'^^ + b%,)}D'_aR, 
+ D'_CRi{{bi, + bi,) + l{b'^, + b'^,)} 

D'_aR2 = -D'_aR2 + [(oli - clli) + ^(am - am), -DIoki] 

-{{bLl-hl) + \{bRl-bR^)}D_b'^, 

D'-Cr2 = -D'_cr2 + [{cli - hi) + ^(cm - hi), D'_cri] 

+ D_b'ji,{{bLi - Ili) + \{bRi + bRi)] 

-{{bli + bli) + \ib'R,+b'n,)}D^bRi 

where tilded terms on the right hand sides can be replaced by solving cor- 
responding equations. One can obtain the conserved nonlocal currents using 
these terms. 
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4 Curvatures 



4.1 Case I: Curvatures on g and g 

Let us find the curvatures related to symmetric spaces, and see the relations 
between dual symmetric parts. We first consider the case where H = id. We 
may choose orthonormal frame {J} on the pullback bundle g*{TG), where 
J stands for both J^^^ and J^^\ These currents satisfy the Maurer-Cartan 
equation 

dJ' + \f]kJ' A J^^ = (101) 

where = J' and wl = ^fj^J-' is the antisymmetric riemannian connection. 
Curvature can be found using torsion free Cartan structural equations 

dw' + w] A w^' = (102) 

dw] + < A w] = ]^R)kiW^ A (103) 

Substituting = J* and tf* = \fkjJ'^ ii^^o first equation gives us the Maurer- 
Cartan equation fllOip . Curvature tensor associated with g can be found 
using second equation (11031) . 



^jmn 2^^f kmf nj ~^ fkjfmn) Q^fknfjm (■^^^) 



where we used jacobi identity in the last equation, /^[^/^j] = 0. We may find 
similar relations for pseudodual space with tilde (just put ~ on each term). 
To relate curvature tensor on pseudodual space with regular space, we use 
nonlocal expressions (!26|) - (!29|) . Since both currents yield the same result, we 
just use fl2Bl) and (127|) for the final expression. We may write J* in nonlocal 
terms as 

r = edy\ + e'[dy\ + ^/j.yi A dy^ - f]^{ A dy^] + H.O. (105) 
Hence = J\ and wl can be written as 

1 ;r. 



Ifikdyi + p~Udyi + \fLnyT a dy^, - fi^yT a dy^] + H.O. (106) 
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We plug and wl into the second Cartan structural equation on pseudodual 
space in the form 

dw] + wIa Wj = -Rikiw^ A (107) 
to obtain the curvature expression 

^jmn 2^fkjfmn fkjfmn ~^ 2^fmkfnj (■^^^) 

Since by definition -Rj^n (I104p can also be written as 

^jmn '2fknfjm (109) 

we get a relation between structure constants on spaces g and g 

\fifk _ 1 p fk /I ir)\ 

where we used the jacobi identity fl^nfjm] ~ ^- Though we do not set 
equal to we may treat them on equal footing, and use one for another 
interchangeably in paired terms. Hence R^jmn (11081) can be written in nonlocal 
structure constants as 

-^jmn knJ jm ^jmn V / 

where we used flyf^m] ~ ^ after setting tilde terms with nontilde terms. We 
note that we obtained pseudodual space curvature as the negative regular 
space curvature. This shows that spaces are dual symmetric spaces as we 
expressed above. 



4.2 Case II: Curvatures on Decomposed Spaces 

Let us decompose the current as J = J°ta + J"'ta, where we use indices 
a,/3,7, ... for m space and indices a,b,c,... for h space, and and ta are 
corresponding generators. We can write the commutation relations as 

[ta,'tb] = fab'^^c [ta,tl3] = fafS^a [ia,tp\ = faf3^c (112) 
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Maurer-Cartan equation fllOip can be decomposed as 

dr + ^f;^J^ A + ^f^pJ" A Jf^ = on h- space (113) 
dJ'' + fpaJ^ A J" = on m - space (114) 

We can also decompose Cartan structural equations. Decomposition of first 
structural equation gives us 

dw°- + wl A + w"^ A w"' = Q on h.- space (115) 
c/w" + w| A w'^ + A = on m - space (116) 

comparison of these equations with the Maurer-Cartan equations f lll3p -( |TT^ 
gives us the following connections 

^" = ^" y^''p = \v < = \fpaJ^ (118) 

Decomposition of second Cartan structural equation leads to the following 
equations 

dwt + < A wl + wlA =IrI,w'' Aw'' + ^Rl.w'^ A (119) 

dK + < A< + <A< ^i?^.-^ A + li?^,,.^ A (120) 

+ ^R^^^,w^ Aw' + ^R^^,y A 

dw^p + w'^^Awl + < A wl =\r%,w'^ Aw' + \r1,,w'^ a (121) 

+ ^R^^^w^ Aw^ + ^R^^y A 

dw: + < A < + < A wl =Ir:,,w' a + ^R:,y a w' (122) 

+ Ir:,,w^ aw' + lR:,y a w^ 
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Inserting flll7p and flllSp into flll9p gives the following curvature components 

^bde — 2^fdcfeb ~ fcbfde) — (123) 
^bafS — 2^faxfl3b ~ fcbfa/s) — 2'^A/3/f)a (124) 

Rlx = Rtxc = (125) 
where we used the jacobi identity KJL = in ^M), and f^J^a + /^"JS + 



fxafab (I124p . Likewise fll20p gives the following curvature components 



c[dJbe] - ^^^^ JXaJbl3 "T J cbJ f3a 

XI3 

cdtxa i PaJ cX) ^J/SXJac 



R-acX — T^ifcdfxa ffSafcx) ~ 2f^xfac (126) 

1 



R-aXc — l^ifxpfca f/Bafxc) ~ (127) 
Rabc = -RoA/i = (128) 

where we used the jacobi identity fl^j;^^ + f^J^c + f^xfL = in ([126]), and 

fpxfL + fpjcx + fbJL = in ([I27D. Equation ^ produces the following 
curvature components 

R'pbc = 2^fb^f]p ~ faisfbc) = 2f^cPpb (129) 

pa 1 / ^« i-a \ ^ ra ra /-i op,\ 

^PXfj. ~ 2'^''Aa^/i/3 JapJx^i) ~ 2'' "■f^'' 1^^ \^'^^) 

R'^a-y = Rp-ya = (131) 

where we used the jacobi identity f^J^^ + f^^f^f^ + f^J^^ = in ([I29]), and 
f^xfl, + /^^/m + /a/./A/3 = in (m). Finally, equation ^ gives the 
following curvature components 

pa 1 / /a //3 ra rl3 \ 1 ya /6 /i oo") 

^acX — IjyJcpJXa J fiaJ cX) ~ Ij^JbXJac l-^OZJ 

j-a j-b ca cfi \ _^ 

2^-' XbJ ca J fiaJ Xc) 2' 

Kbc = Kx, = (134) 



pa f ra rb ca \ ^ ra ff3 /-i oo\ 

^aXc — r,yJ^bJca J fiaJ Xc) ~ r)Jf3cJaX K^'^'^) 



where we used the jacobi identity /^jf^ + f^J^c + fbxfL = in ([132]), and 

fbxfac~^fl3afcx~^fpcfxa = iu (11331) . Obviously we can write similar equations 
with tilde. 
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We want to write down curvature relations between symmetric spaces (m 
and m) and corresponding closed spaces (h and h) on g and g. To realize 
this objective we will use the bracket relations derived from pseudoduality 
equations. In case of non-mixing pseudoduality, we will make use of bracket 
relation fl83l) - fl86l) . After eliminating y4_ and k- terms we obtain the following 
relations between connection one forms 

< = < = w'^^ (135) 

w^p = < = wl (136) 

where we used the definitions flll7p and (11181) for the connection two forms. 
Taking exterior derivative of these connections we obtain the result 

^BCD = ~^BCD (137) 

where A, B, C and D represent indices corresponding to M or H -space 
elements depending on which equation is used. But curvature expressions 
found above restrict all curvature components to exist. Therefore we will 
only have curvatures whose all indices belongs to one space (m or h) or 
being shared equally, otherwise they do not exist. On the other hand when 
we consider mixing pseudoduality, we observe that curvature components 
mix. From the connection two-forms we obtain the relations 



w^ + <T|(0) =wl + T:{0)wI (138) 

^D^Tf (0) + < = T,"(OX + < (139) 

< + w^T.^iO) = wl + T^"(0)«;f (140) 

<T,^(0) +wl = TVO)wl + w% (141) 



It is clear that once mixing isometries disappear we have (11351) and (I136p . 
Therefore curvature relations will be 

Ri,u = -{Rb,. + Ri^Xio) + RBcJm + H^aT^mtm (142) 

RB,d = -{Ri,d + RicciT^i^) + H^uTm + Ri.j;mm) im 
Rbc. = -iHcu + HcaTti^) + H,uTm + H,,Ti^mtm im 
Ricd = ~{Hcd + H,dTm + Hc,Tm + H,.mmm (145) 

where we defined Rl^^ ^ R^^^ + T-{mi,. and ^ R^^, + i?^^,T,^(0), 
and A, B represent indices for m or h-spaces. Obviously if all mixing parts 
are set to zero we obtain the simplest case (11371) . 
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5 One Loop Renormalization Group /3-function 

It is noted that renormalization group /5-function to one-loop order [26] is 
given by 

^mn = ^ (146) 

where Rmn is Ricci curvature of connections w*. On g it is written as 

A, = yyi (147) 

On decomposed spaces h and m one loop /^-functions will be 

Pa, = ^{rpjL + f:iJL) (148) 

/5"7 = ^(/AVi + /aVa,) (149) 

It is readily observed that Raa = Raa = 0. On pseudodual spaces one can 
write the following relations 

Pij Pij Pab Pab Pa-y Pa-y (1^^) 

if there is a non-mixing pseudoduality. On the other hand if there is a mixing 
pseudoduality we have 

Pab = -Pab - PauT^O) - /3.fcT:(0) - P,,T^{0)TaO) (151) 
P,u = -P,u - PduT^iO) - PMO) - ~PabT;m'M (152) 

where we defined ^ ^{i?^^,T,^(0) + R^^T^^m. Pau ^ UK^^T^ + 

R'ac.T',m. Pdu ^ i{R',^,T^\o) + Ri^rm} and p,, ^ uH^Tm + 

^Jcd^A(O)} on the contrary to ffTi6|) . We notice that if all mixing isometrics 
vanish, then we get fll50p . We notice that we will also obtain additional 
mixing components of /3-function, but we avoid to obtain them. 



6 Discussion 

In this section we were able to obtain infinite number of pseudoduality equa- 
tions by switching from Lie group expressions to Lie algebra ones. We ob- 
served that pseudoduality transformation respects the conservation law of 
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currents. To understand what these currents imply for let us write pseudo- 
duality equations as 

J|^) = +Tjf ) 

where J^f^ = g~^d±g. First equation implies that T is a function of 
as above. Second equation is interesting and gives the information about 
currents. If we take 9+ of second equation we obtain that 

[g-'d^~g,g-'d-~g]a = -id+T)ig-'d^g) - T[g-'d^g, g-'d+g]G 

We notice that g^^d±g G g, and if we use the definition adg{X)(Y) = [X, Y]g 
this equation can be written as 

If the second pseudoduality equation is inserted then one gets 

- ad^{jf^)T - TadgiJi^^) = i^+T) 

It is obvious that this is the lie algebra version of the AdG x AdG action on T. 
adg{J^^) is the orthogonal flat connection on g*TG as defined in section (jl]). 
One may find curvature relations using these connections as above. Thus 
another interpretation of pseudoduality is that since depends only on 
0""^, so does T. Hence if we define a parallel transport P{a) from (0, 0) to 
a = a^), pseudoduality equations may be written as 

*s iPia))-\~g-'dg)=TmPia)-'g-'dg) 

where T{0) = P{a)T{a)P^^{a). This means that we start with g'^dg, and 
parallel transport it to origin, and do the same on the dual model. We finally 
use the fixed isometry T(0) to equate these two fields at the origins. 
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